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D wdqghp  xlg txhxh zlwk judgxdo lqsxw
Zhuqhu U1Z1 VfkhlqkdugwW/ Ehuw ]zduw_
W Idfxow| ri Pdwkhpdwlfdo Vflhqfhv
Xqlyhuvlw| ri Wzhqwh
S1R1 Er{ 54:/ :833 DH Hqvfkhgh/ Wkh Qhwkhuodqgv
hpdlo= zhuqhuCpdwk1xwzhqwh1qo
W FZL
S1R1 Er{ <73:</ 43<3 JE Dpvwhugdp/ Wkh Qhwkhuodqgv
_ Ghsduwphqw ri Pdwkhpdwlfv ) Frpsxwlqj Vflhqfh
Hlqgkryhq Xqlyhuvlw| ri Whfkqrorj|
S1R1 Er{ 846/ 8933 PE Hlqgkryhq/ Wkh Qhwkhuodqgv
hpdlo= }zduwCzlq1wxh1qo
Devwudfw
Iru d wzr0qrgh wdqghp  xlg prgho zlwk judgxdo lqsxw/ zh frpsxwh wkh mrlqw vwhdg|0
vwdwh exhu0frqwhqw glvwulexwlrq1 Rxu surri h{sorlwv pduwlqjdoh phwkrgv ghyhorshg
e| Nhood ) Zklww1 Iru wkh fdvh ri qlwh exhuv/ zh xvh dq lqvljkwixo vdpsoh0sdwk
dujxphqw wr qg d sursruwlrqdolw| uhvxow1
5333 Pdwkhpdwlfv vxemhfw fodvvlfdwlrq= 93N58 +sulpdu|,/ <3E55 +vhfrqgdu|,1
Nh|zrugv dqg Skudvhv= qlwh exhuv/  xlg prghov/ pduwlqjdoh/ sursruwlrqdolw| ri
suredelolw| phdvxuhv/ uhjhqhudwlyh surfhvvhv/ vhpl0Pdunry lqsxw/ wdqghp qhwzrunv1
4
4 Lqwurgxfwlrq
Lq wklv sdshu zh vwxg| d wdqghp  xlg qhwzrun zklfk rshudwhv lq d wzr0vwdwh udqgrp
hqylurqphqw1 Ghshqglqj rq wkh vwdwh ri wkh hqylurqphqw/ wkh frqwhqw lq wkh uvw exhu
hlwkhu lqfuhdvhv dffruglqj wr vrph jhqhudo vwrfkdvwlf surfhvv ru lw ghfuhdvhv olqhduo|1 Wkh
rxwsxw ri wkh uvw exhu lv ihg lqwr d vhfrqg exhu/ diwhu zklfk lw ohdyhv wkh v|vwhp1 Iru
wklv prgho/ zh frpsxwh wkh Odsodfh0Vwlhowmhv wudqvirup ri wkh mrlqw vwhdg|0vwdwh exhu0
frqwhqw glvwulexwlrq1
Wkh prgho lq wklv sdshu fdq eh sxw lq wkh frqwh{w ri wdqghp txhxhv zkhuh wkh vhuylfh
dw wkh ydulrxv txhxhv lv ghwhuplqlvwlf/ dqg wkh suredelolvwlf ehkdylru lv rqo| gxh wr wkh
vwrfkdvwlf duulydo surfhvv+hv,1 Wkhvh v|vwhpv pd| w|slfdoo| eh xvhg wr prgho d vhtxhqfh
ri pxowlsoh{huv lq d frppxqlfdwlrq qhwzrun ru d vhtxhqfh ri surgxfwlrq olqhv wkdw rshudwh
lq d ghwhuplqlvwlf pdqqhu1
Wkh uvw ri wkhvh v|vwhpv wr eh dqdo|vhg zhuh fodvvlfdo wdqghp txhxhv zlwk ghwhuplqlv0
wlf vhuylfh wlphv> vhh h1j1 Uxelq ^55‘/ Vkdoprq ) Ndsodq ^57‘/ Er{pd ) Uhvlqj ^8‘ dqg
uhihuhqfhv wkhuh1 Wkhvh pd| eh ylhzhg dv vorwwhg +glvfuhwh0wlph, yhuvlrqv ri wkh prgho
frqvlghuhg khuh1 Lq wkh odvw ghfdgh dqrwkhu fodvv ri prghov/ rshudwlqj lq frqwlqxrxv wlph/
zdv vwxglhg vxffhvvixoo|1 Khuh/ qhwzrunv ri  xlg txhxhv duh gulyhq e| +lqvwdqwdqhrxv,
Oìy| lqsxw/ vhh h1j1 Nhood ) Zklww ^49/ 4:‘/ dqg Nhood ^4;‘1
Vhyhudo uhfhqw sdshuv duh frqfhuqhg zlwk d wklug fodvv ri prghov/ lq zklfk  xlg qhwzrunv
duh ihg e| judgxdo lqsxw> wklv w|sh ri prgho lv frqvlghuhg lq wkh suhvhqw sdshu1 Nurhvh )
Vfkhlqkdugw ^53‘ +vhh dovr Vfkhlqkdugw ^56‘, dqdo|vh vhyhudo v|vwhpv ri  xlg txhxhv wkdw
duh gulyhq e| d wzr0vwdwh Pdunry surfhvv1 Wkhlu iudphzrun lqfoxghv d wzr0qrgh wdqghp
v|vwhp iru zklfk wkh mrlqw vwdwlrqdu| glvwulexwlrq ri wkh exhu frqwhqwv zdv irxqg1 Wkh
wudqvirup yhuvlrq ri wklv uhvxow zdv jhqhudol}hg wr ihhgiruzdug qhwzrunv zlwk Pdunry0
prgxodwhg lqsxw e| Nhood ^4<‘1 D glhuhqw h{whqvlrq fdq eh irxqg lq Ddowr ) Vfkhlqkdugw
^5‘/ zkhuh d pxowl0qrgh wdqghp  xlg txhxh ihg e| krprjhqhrxv Rq0R vrxufhv zlwk
jhqhudo Rq0wlph glvwulexwlrq zdv dqdo|}hg1
Wkh pdlq uhvxowv lq wklv vwxg| duh vwurqjo| uhodwhg wr wkrvh lq ^4<‘ dqg ^5‘/ exw wkhuh duh
vrph glhuhqfhv1 Wkh pdlq glhuhqfh zlwk ^5‘ lv wkdw zh qg wkh mrlqw Odsodfh0Vwlhowmhv
Wudqvirup ri wkh exhu frqwhqwv/ zkhuhdv ^5‘ lv pdlqo| frqfhuqhg zlwk pdujlqdo uhvxowv1
Frpsduhg wr ^4<‘/ zh vwxg| d vlpsohu qhwzrun wrsrorj|1 Rq wkh rwkhu kdqg/ rxu lqsxw
surfhvv lv pruh jhqhudo wkdq wkh +Pdunry0dgglwlyh, lqsxw surfhvv ri ^4<‘1 Lq sduwlfxodu/ rxu
dvvxpswlrqv doorz wr frqvlghu qrq0Pdunryldq lqsxw1 Iru h{dpsoh/ wkh Vhpl0Pdunry lqsxw
surfhvv dv frqvlghuhg uhfhqwo| e| Er{pd hw do1 ^;‘ idoov zlwklq wkh iudphzrun frqvlghuhg
khuh/ vhh Vhfwlrq 7151 Qrq0Pdunryldq lqsxw surfhvvhv duh fxuuhqwo| sduwlfxoduo| uhohydqw lq
frppxqlfdwlrq qhwzrunv/ zkhuh lw lv qrz txlwh frpprq wr dvvxph wkdw Rq0shulrgv ri Rq0
R vrxufhv duh khdy|0wdlohg/ khqfh qrw ri skdvh0w|sh1 Zh uhihu wr Er{pd ) Gxpdv ^9‘ iru
d vxuyh| rq  xlg txhxhv zlwk khdy|0wdlohg lqsxw fkdudfwhulvwlfv> vhh dovr wkh uhfhqw errn
Sdun ) Zloolqjhu ^54‘1 Ehvlghv lwv lqwulqvlf lqwhuhvw/ wkh wdqghp  xlg txhxh frqvlghuhg
khuh vhhpv wr sod| d nh| uroh lq pruh frpsolfdwhg qhwzrunv ri  xlg txhxhv/ vhh h1j1 Ydq
Xlwhuw ) Eruvw ^59‘ zklfk lv frqfhuqhg zlwk qhwzrunv ri  xlg txhxhv xqghu wkh jhqhudol}hg
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surfhvvru vkdulqj glvflsolqh1
Wkh zd| lq zklfk zh ghulyh rxu uhvxowv lv dv iroorzv1 Iluvw zh vkrz wkdw wkh mrlqw vwhdg|0
vwdwh exhu0frqwhqw glvwulexwlrq vdwlvhv d ghfrpsrvlwlrq surshuw|> wklv glvwulexwlrq fdq
eh zulwwhq dv wkh vxp ri wzr udqgrp yhfwruv +vhh dovr ^;‘ iru d vlplodu uhvxow iru wkh vlqjoh0
exhu fdvh,1 Wkh uvw whup fdq eh ylhzhg dv wkh vwhdg|0vwdwh exhu0frqwhqw glvwulexwlrq
ri d wdqghp qhwzrun zlwk lqvwdqwdqhrxv Oìy| lqsxw dw erwk qrghv1 Wkh mrlqw exhu0
frqwhqw glvwulexwlrq ri wklv sduwlfxodu wdqghp qhwzrun lv rewdlqhg e| dsso|lqj wkh srzhuixo
pduwlqjdoh wkdw zdv lqwurgxfhg e| Nhood ) Zklww ^49‘/ zklfk lv dovr dssolhg lq ^4;/ 4<‘1
Wkh vhfrqg whup lq wkh ghfrpsrvlwlrq lv dvvrfldwhg zlwk wkh vwdwlrqdu| glvwulexwlrq ri d
fohdulqj prgho1
Zh dovr wuhdw wkh fdvh lq zklfk wkh exhu vl}hv duh qlwh1 E| phdqv ri dq lqvljkwixo
vdpsoh0sdwk dujxphqw/ lw lv vkrzq wkdw wkh vwhdg|0vwdwh glvwulexwlrqv ri wkh qlwh dqg
lqqlwh exhu prghov duh sursruwlrqdo1 Wklv h{whqgv wkh dssurdfk lq ]zduw ^5:‘/ zkhuh
wkh fruuhvsrqglqj uhvxow iru wkh vlqjoh0qrgh fdvh zdv rewdlqhg1 Wkh lqwxlwlrq ehklqg wkh
surri lv uhplqlvfhqw ri pdq| sdshuv ghdolqj zlwk wudglwlrqdo +l1h1 qrq0 xlg, qlwh0fdsdflw|
v|vwhpv/ vxfk dv wkrvh lq Errwv ) Wlmpv ^6/ 7‘/ Jrxzhohhxz ) Wlmpv ^44‘/ Krrjklhpvwud
^45‘ dqg Nhlovrq ) Vhuyl ^46/ 47‘1 Rxu dssurdfk fdq dovr eh dssolhg wr wkh qlwh0exhu
htxlydohqwv ri wkh qhwzrunv frqvlghuhg lq ^4:‘^4<‘1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 surylghv d ghwdlohg prgho ghvfulswlrq dqg
vwdwhv d qxpehu ri suholplqdu| uhvxowv1 Rxu pdlq uhvxowv duh lq Vhfwlrq 6/ zkhuh zh vkrz
wkh ghfrpsrvlwlrq surshuw|1 Ixuwkhupruh/ zh xvh wklv surshuw| wr qg dq h{suhvvlrq iru
wkh wudqvirup ri wkh mrlqw glvwulexwlrq1 Lq Vhfwlrq 7 zh dsso| wkh uhvxowv ri Vhfwlrq 6
wr vrph h{dpsohv zklfk doorz iru h{solflw frpsxwdwlrqv/ qdpho| wkh wzr uhvshfwlyh fdvhv
zkhuh wkh lqsxw lqwr wkh uvw exhu lv uhjxodwhg e| dq Rq0R surfhvv/ dqg e| d vhpl0
Pdunry surfhvv1 Vhfwlrq 8 qdoo| wuhdwv wkh qlwh exhu fdvh1
5 Prgho ghvfulswlrq dqg suholplqdulhv
Zh vwduw zlwk d ghwdlohg prgho ghvfulswlrq1 Wkh frqwhqw surfhvv ri wkh uvw exhu idoov
zlwklq wkh iudphzrun ri Nhood ) Zklww ^48‘/ vlqfh lw rshudwhv lq d wzr0vwdwh udqgrp
hqylurqphqw1 Lq sduwlfxodu/ wkh uvw exhu lv ihg e| d jhqhudo vrxufh zklfk rshudwhv lq
wzr prghv/ zklfk zh fdoo Rq dqg R1 Zkhq wkh vrxufh lv Rq/ wkh exhu frqwhqw kdv
wkh vdph lqfuhphqwv +lq glvwulexwlrq, dv wkh jhqhulf vwrfkdvwlf surfhvv [ @ i[+w,> w  3j/
zklfk kdv qrq0ghfuhdvlqj vdpsoh0sdwkv1 Dq Rq0shulrg lv whuplqdwhg diwhu vrph +jhqhulf,
wlph D/ zklfk pd| ghshqg rq [ dqg kdv qlwh phdq1 Iru Uh x> y  3/ zh ghqh
+x> y, @ Hih3fE3j +514,
dv wkh Odsodfh0Vwlhowmhv wudqvirup +OVW, ri +[+D,>D,1 Gxulqj R0shulrgv/ zklfk duh
h{srqhqwldoo| glvwulexwhg zlwk sdudphwhu / wkh exhu frqwhqw ghfuhdvhv olqhduo| zlwk
vorsh f A 3> f fdq eh ylhzhg dv wkh rxwsxw fdsdflw| ri wkh exhu1 Lw lv hdv| wr vhh wkdw
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wkh vwhdg|0vwdwh suredelolw| wkdw wkh vrxufh lv Rq/ zklfk zh ghqrwh e| s/ lv jlyhq e|
s @
HiDj
4 . HiDj = +515,
Dv orqj dv wkh uvw exhu lv qrw hpsw|/ lw surfhvvhv  xlg dw udwh f/ zklfk lv ihg lqwr d
vhfrqg exhu zlwk udwh f21 Wr dyrlg d wulyldo prgho zh zloo dvvxph wkdw f A f2/ vr wkdw
wkh vhfrqg exhu lv wkh erwwoh0qhfn1
Wkh frqwhqw ri exhu l +l @ 4> 5, dw wlph w lv ghqrwhg e| Y+w,1 Wkh surfhvv ri lqwhuhvw lv
wkhq jlyhq e| Y @ iY +w,> w  3j/ zkhuh Y +w, @ +Y+w,> Y2+w,,1 D w|slfdo vdpsoh sdwk lv
ghslfwhg lq wkh uvw sduw ri Iljxuh 41
Lw lv fohdu wkdw erwk exhu0frqwhqw surfhvvhv kdyh qhjdwlyh guliw li dqg rqo| li wkh h{shfwhg
dprxqw ri  xlg wkdw  rzv lqwr wkh uvw exhu shu xqlw ri wlph lv ohvv wkdq f2/ l1h1 l
 @ s
Hi[+D,j. fHiDj
HiDj ? f2= +516,
Wklv pd| eh uhzulwwhq/ xvlqj +515,/ dv
Hi[+D,j. +f  f2,HiDj ? f2> +517,
zklfk zh dvvxph wr krog wkurxjkrxw wkh uhpdlqghu ri wkh sdshu1 Fohduo|/ wkh surfhvv Y
lv uhjhqhudwlyh> dv uhjhqhudwlrq hsrfkv zh wdnh wkh lqvwdqwv zkhq wkh Rq0R vrxufh vwduwv
dq Rq0shulrg lq dq hpsw| qhwzrun1 Xvlqj vwdqgdug uhjhqhudwlyh surfhvv wkhru| +vhh h1j1
Dvpxvvhq ^4‘/ Frkhq ^<‘, lw qrz iroorzv wkdw Y +w, frqyhujhv lq glvwulexwlrq wr d udqgrp
yhfwru Y @ +Y> Y2,1 Fkrrvlqj 3 wr eh d uhjhqhudwlrq hsrfk dqg ghqrwlqj d +jhqhulf,
uhjhqhudwlrq f|foh e| F/ wkh glvwulexwlrq ri Y fdq eh zulwwhq dv





Iru odwhu uhihuhqfh/ zh qrwh wkdw wkh suredelolw| ri dq hpsw| v|vwhp fdq eh irxqg dv
4 @f2/ ohdglqj wr
SiY @ 3> Y2 @ 3j @ SiY2 @ 3j @ f2  Hi[+D,j  +f  f2,HiDj
f2 . f2HiDj = +519,
Vlploduo|/ zh qg iru wkh uvw exhu wkdw




f . fHiDj = +51:,
Zh ghqh wkh mrlqw OVW ri Y dv $+x> y, @ Hih3T3T2j1 Dv phqwlrqhg lq wkh lqwurgxfwlrq/
wkh pdlq jrdo ri wklv sdshu lv wr frpsxwh $+x> y,1 Lq grlqj vr/ zh qhhg wzr dgglwlrqdo
udqgrp yduldeohv wkdw duh forvho| uhodwhg wr D dqg [+D,1 Zh ghqh wkhp dv iroorzv1
Iluvwo| DW lv glvwulexwhg dv wkh hodsvhg wlph wkdw wkh vrxufh lv Rq/ li zh revhuyh wkh v|vwhp
lq vwhdg| vwdwh gxulqj dq Rq0shulrg1 Dw wkdw wlph/ rqh fdq dovr revhuyh wkh lqfuhdvh ri wkh
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exhu frqwhqw vlqfh wkh ehjlqqlqj ri wkdw Rq0shulrg1 Wklv lqfuhdvh lv ghqrwhg e| [+DW,1
Wkh pdujlqdo glvwulexwlrqv ri DW dqg [+DW, duh nqrzq/ wkh vhfrqg rqh ehlqj jlyhq lq
^48‘1 Krzhyhu/ lq wkh vhtxho zh zloo qhhg wkh mrlqw glvwulexwlrq ri +[+DW,>DW, dv zhoo1 Iru
frpsohwhqhvv/ zh jlyh h{suhvvlrqv iru wklv glvwulexwlrq dqg lwv wudqvirup/ zklfk zh ghqrwh
e| W+x> y,1










Lq wkh vhtxho zh zloo dvvxph wkdw W lv nqrzq> Vhfwlrq 7 surylghv h{solflw h{suhvvlrqv iru W
lq vrph vshfldo fdvhv1 Dv dq dvlgh zh qrwh wkdw [+DW, fdq eh lqwhusuhwhg dv wkh vwdwlrqdu|
zrunordg ri d + xlg, txhxh ihg e| [ zkhuh doo wkh zrun lv uhpryhg diwhu d udqgrp wlph
D1 Vxfk d prgho lv fdoohg d fohdulqj prgho/ vhh h1j1 Vwlgkdp ^58‘1 Wkh udqgrp yduldeoh
DW fdq wkhq eh lqwhusuhwhg dv wkh wlph hodsvhg vlqfh wkh odvw fohdulqj1
Ilqdoo|/ zh qhhg dq h{suhvvlrq iru wkh wudqvirup +v, @ Hih3r j/ zkhuh wkh udqgrp
yduldeoh S lv d jhqhulf exv| shulrg ri wkh uvw exhu1 Lw fdq eh vkrzq dv lq ^9/ :‘ wkdw





Qrwh wkdw lw iroorzv lpphgldwho| iurp +5143, wkdw
HiSj @ fHiDj. Hi[+D,j
f  Hi[+D,j = +5144,
6 Wkh mrlqw vwhdg| vwdwh exhu0frqwhqw glvwulexwlrq
Lq wklv vhfwlrq zh jlyh rxu pdlq uhvxow/ zklfk lv dq h{solflw h{suhvvlrq iru wkh wudqvirup
$+x> y, ri wkh vwhdg|0vwdwh exhu0frqwhqw glvwulexwlrq1 Wklv h{suhvvlrq lv rewdlqhg lq wzr
vwhsv= Iluvw/ zh jlyh d ghfrpsrvlwlrq surshuw| ri Y / zklfk uhgxfhv wkh sureohp wr wkh
frpsxwdwlrq ri wkh vwhdg|0vwdwh glvwulexwlrq ri Y / jlyhq wkdw wkh vrxufh lv R1 Lq wkh vhf0
rqg vwhs wklv sureohp lv vroyhg iroorzlqj wkh dssurdfk lq ^4;‘ e| dsso|lqj wkh pduwlqjdoh
wkdw zdv lqwurgxfhg lq ^49‘1
Iru wkh uvw vwhs zh ghqh M+w, wr eh d 3 4 yduldeoh zklfk htxdov 4 li wkh vrxufh lv Rq
dw wlph w +l1h1/ li wkh frqwhqw ri wkh uvw exhu lv lqfuhdvlqj, dqg 3 rwkhuzlvh1 Fohduo|/
lq vwhdg| vwdwh M+w, lv glvwulexwhg dv d udqgrp yduldeoh M zklfk lv 4 zlwk suredelolw|
s dqg 3 zlwk suredelolw| 4  s/ zkhuh s lv jlyhq lq +515,1 Dovr zh lqwurgxfh wkh surfhvv
Y @ iY +w,> w  3j> zlwk Y +w, @ +Y+w,> Y2+w,,/ dv wkh surfhvv rewdlqhg iurp Y diwhu ghohwlqj








































































Iljxuh 4= Frqvwuxfwlrq ri wkh surfhvv Y iurp Y1
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wkdq jlylqj wkh suhflvh ghwdlov1 Zh uhihu wr ^48‘ ru ^5:‘ iru d ghwdlohg ghvfulswlrq ri wklv
surfhgxuh lq wkh vlqjoh0qrgh fdvh1
Lw fdq eh vkrzq wkdw wklv surfhvv Y dovr kdv d vwhdg|0vwdwh glvwulexwlrq1 Ohw Y @ +Y> Y2,
ghqrwh d jhqhulf udqgrp yhfwru zlwk wklv glvwulexwlrq/ dqg ohw $+x> y, ghqrwh wkh fruuh0
vsrqglqj OVW1 Zh duh qrz uhdg| wr vwdwh wkh ghfrpsrvlwlrq uhvxow/ zkhuh zh zloo xvh c _@*
wr lqglfdwh htxdolw| lq glvwulexwlrq1
Wkhruhp 614 Wkh vwdwlrqdu| exhu frqwhqw Y fdq eh zulwwhq dv
Y
_
@ Y . M  +[+DW,> +f  f2,DW, > +614,
zkhuh Y / M / dqg +[+DW,> +f  f2,DW, duh lqghshqghqw1 Lq whupv ri wudqvirupv=
$+x> y, @ $+x> y, +4 s. sW+x> +f  f2,y,, = +615,
Surri
Qrwh wkdw M fdq eh lghqwlhg zlwk wkh lqglfdwru ri wkh hyhqw wkdw wkh lqsxw vrxufh lv Rq
lq vwhdg| vwdwh1 Revhuyh wkdw +Y mM @ 3, _@ Y 1 Xvlqj SDVWD/ wkh vwhdg|0vwdwh exhu0
frqwhqw glvwulexwlrq revhuyhg dw wkh hqg ri R0shulrgv kdv wkh vdph glvwulexwlrq dv Y 1
Wklv lpsolhv +xvlqj wkh ghqlwlrqv ri DW dqg [+DW,, wkdw
+Y m M @ 4, _@ Y . +[+DW,> +f  f2,DW,>
zlwk Y dqg +[+DW,> +f  f2,DW, lqghshqghqw1 Frpelqlqj wkhvh uhvxowv |lhogv +614,/ iurp
zklfk Htxdwlrq +615, iroorzv hdvlo|1 
Lq ylhz ri wklv/ lw vx!fhv wr frpsxwh $+x> y,1 Khqfh/ lq wkh uhpdlqghu ri wklv vhfwlrq zh
frqfhqwudwh rq wkh vwhdg|0vwdwh glvwulexwlrq ri Y1
Wkh fuxfldo revhuydwlrq lv wkdw Y fdq eh lghqwlhg zlwk wkh mrlqw exhu0frqwhqw surfhvv
ri d wdqghp qhwzrun zlwk ghshqghqw Oìy| lqsxw dv vwxglhg lq ^4;‘1 Lq rughu wr dsso| wkh
uhvxowv ri ^4;‘/ zh ghqh ]+w, @ Y+w,/ ]2+w, @ Y+w, . Y2+w,/ dqg ]+w, @ +]+w,> ]2+w,,1
Revhuyh wkdw i]2+w,j fdq eh lghqwlhg zlwk wkh exhu0frqwhqw surfhvv ri dqP@J@40txhxh
zlwk Srlvvrq+,0duulydov/ jhqhulf vhuylfh wlph [+D, . +f  f2,D/ dqg vhuylfh vshhg f21
Zh qrz qg wkh iroorzlqj xvhixo pduwlqjdoh iurp wkh idfw wkdw i]+w,j lv d wzr0glphqvlrqdo
uh hfwhg Oìy| surfhvv/ fi1 Ohppd 514 ri ^4;‘1
Ohppd 614 Wkh surfhvv P @ iP+w,j/ jlyhq e|
P+w, @ !+x> y,
|]
f










!+x> y, @ xf . yf2  +4 +x. y> +f  f2,y,,>
lv d pduwlqjdoh1
Surri





\+v,> l @ 4> 5=
Wkhq/ ]+w, pd| eh uhsuhvhqwhg dv iroorzv +qrwh wkdw ]+3,  3,=
]+w, @ \+w, . L+w,> l @ 4> 5=
Qrwlqj wkdw gL+w, @ f4d~E|'fogw iru l @ 4> 5> wkh ohppd iroorzv iurp ^49‘1 
Xvlqj wklv pduwlqjdoh/ lw lv srvvleoh wr rewdlq dq h{suhvvlrq iru wkh OVW ri wkh vwdwlrqdu|
glvwulexwlrq ri i]+w,j/ zklfk lv jlyhq lq wkh iroorzlqj wkhruhp1
Wkhruhp 615 Wkh mrlqw OVW ri ] lv jlyhq e| Hih3~3~2j @
x+Hi[+D,j  f,Hih3~2 m] @ 3j. y +Hi[+D,j. +f  f2,HiDj  f2,
xf . yf2  +4 +x. y> +f  f2,y,, =
Surri
Zh plplf wkh surri ri Fruroodu| 516 lq ^4;‘1 Dv d vwrsslqj wlph zh wdnh vrph hsrfk W
zlwk ]+W , @ ]2+W , @ 31 Dsso|lqj Grre*v rswlrqdo vwrsslqj wkhruhp dv lq ^4;‘ dqg xvlqj
uhjhqhudwlyh surfhvv wkhru| dv lq +518, rqh jhwv iru Uh x> y  3/
!+x> y,Hih3~3~2j @ xSi] @ 3jHih3~2 m] @ 3j. ySi]2 @ 3jHih3~m]2 @ 3j= +617,
Nhhslqj wkh ghqlwlrqv ri ] dqg ]2 lq plqg/ wkh wzr uhvshfwlyh suredelolwlhv lq +617,
fdq eh irxqg e| glylglqj wkh uljkw0kdqg vlghv ri +51:, dqg +519, e| 4 s1 Wkh uhvxow qrz
iroorzv diwhu qrwlqj wkdw Hih3~ m]2 @ 3j @ 41 
Wkh wudqvodwlrq ri Wkhruhp 615 wr wkh wudqvirup ri + Y> Y2, lv grqh e| qrwlqj wkdw
Hih3~3~2j @ $+x . y> y, dqg Hih3~2 m] @ 3j @ Hih3 7T2mY @ 3j1 Khqfh/ wkh rqo|
xqnqrzq zh kdyh wr qg lv Hih3 7T2 mY @ 3j1 E| Wkhruhp 614/ + Y> Y2, _@ ++Y> Y2,mM @ 3,1
Khqfh +qrwlqj wkdw Y @ 3 lpsolhv M @ 3,/
Hih3 7T2mY @ 3j @ Hih3T2mY @ 3j=
Qrwh wkdw wkh vhfrqg exhu fdq eh lghqwlhg zlwk d  xlg txhxh ihg e| d vlqjoh Rq0
R vrxufh kdylqj frqvwdqw lqsxw udwh f gxulqj Rq0shulrgv1 Wkhvh Rq0shulrgv duh exv|
;
shulrgv ri wkh uvw exhu1 Dssursuldwho| vfdolqj wlph/ vxfk wkdw wkh rxwsxw udwh ehfrphv
4/ wklv phdqv wkdw wkh glvwulexwlrq ri +Y2mY @ 3, fdq eh lghqwlhg zlwk wkh vwhdg|0
vwdwh zrunordg glvwulexwlrq ri dq P2J24 txhxh zlwk duulydo udwh @f2 dqg vhuylfh wlphv
+f  f2,S +vhh dovr ^5‘ dqg ^4:‘,1 Khqfh zh kdyh
Hih3T2 m Y @ 3j @ +f2  +f  f2,HiSj,y
f2y  +4 ++f  f2,y,, = +618,
Li zh frpelqh rxu qglqjv zh duulyh dw wkh pdlq frqfoxvlrq ri wklv vhfwlrq=
Wkhruhp 616 Wkh OVW ri +Y> Y2, lv jlyhq e|
$+x> y, @ $+x> y, +4 s. sW+x> +f  f2,y,, >
zlwk $+x> y, @
+x y,+Hi[+D,j  f,Hih3T2 mY @ 3j. y +Hi[+D,j. +f  f2,HiDj  f2,
+x y,f . yf2  +4 +x> +f  f2,y,, >
dqg Hih3T2 mY @ 3j jlyhq lq +618,1
Iurp Wkhruhp 616 lw lv vwudljkwiruzdug wr ghulyh h{suhvvlrqv iru wkh prphqwv/ pdujlqdo
glvwulexwlrqv dqg fruuhodwlrqv1 Wr frpsxwh wkh ruljlqdo vwhdg|0vwdwh suredelolwlhv iurp
Wkhruhp 616 rqh pd| xvh wkh pxowl0glphqvlrqdo wudqvirup0lqyhuvlrq whfkqltxh ghvfulehg
lq Dedwh ) Zklww ^43‘1
Zh hqg wklv vhfwlrq zlwk d eulhi rxwolqh ri krz wr h{whqg Wkhruhp 616 wr wkh pxowl0qrgh
wdqghp fdvh1 Frqvlghu q qrghv zlwk fdsdflwlhv f A f2 A = = = A f? dqg dvvxph wkdw wkh
vwdelolw| frqglwlrq +517, krogv zlwk f2 uhsodfhg e| f?1 Li zh ohw Y ghqrwh wkh vwhdg|0vwdwh
exhu frqwhqw ri exhu l> l @ 4> = = = > q/ zh qg d ghfrpsrvlwlrq uhvxow dv lq Wkhruhp 614/
zklfk ohdgv wr
$+x> = = = > x?,  Hih3T33?T?j
@ $+x> = = = > x?, +4 s. sW+x> +f  f2,x2 . = = =. +f?3  f?,x?,, >
zkhuh $ lv ghqhg lq wkh reylrxv zd|1 Wr qg $ rqh fdq vwxg| wkh pxowlglphqvlrqdo
pduwlqjdoh P @ iP+w,j/ jlyhq e|
P+w, @ !+x> = = = > x?,
|]
f













zkhuh wkh ]+w,> l @ 4> = = = > q/ duh ghqhg vlploduo| dv ehiruh/ dqg ! lv jlyhq e|
!+x> = = = > x?, @ xf . = = =. x?f? 
+4 +x . = = =. x?> +f  f2,x2 . = = =. +f?3  f?,x?,,=
Wklv pduwlqjdoh ohdgv wr d jhqhudol}hg yhuvlrq ri Htxdwlrq +617, +rqh fdq dovr gluhfwo|
dsso| Fruroodu| 516 ri ^4;‘,1 Wklv htxdwlrq fdq eh vroyhg lq d vlplodu zd| dv lq wkh surri
ri Wkhruhp 6151
7 H{dpsohv
Lq wkh suhylrxv vhfwlrq zh ghulyhg dq h{suhvvlrq iru $+x> y, lq whupv ri +> ,/ W+> ,
dqg +,1 Wkh pdlq jrdo ri wklv vhfwlrq lv wr jlyh vrph h{dpsohv ri wkh lqsxw surfhvv [
iru zklfk lw lv srvvleoh wr jhw wudfwdeoh h{suhvvlrqv iru wkhvh wudqvirupv1 Wrjhwkhu zlwk
Wkhruhp 616/ wklv surylghv dq h{solflw h{suhvvlrq iru $+x> y, lq wkhvh fdvhv1 Lq wkh qh{w
wzr vxevhfwlrqv zh wuhdw +l, lqsxw iurp dq Rq0R vrxufh/ dqg +ll, Vhpl0Pdunry lqsxw1
714 Lqsxw iurp d vlpsoh Rq0R vrxufh
Rxu uvw h{dpsoh/ zklfk zdv wkh ruljlqdo prwlydwlrq iru wklv zrun/ lv wkh fdvh zkhuh wkh
uvw exhu lv ihg e| d vlqjoh Rq0R vrxufh1 Li wklv vrxufh lv Rq/ lw ihhgv  xlg lqwr wkh uvw
exhu zlwk frqvwdqw udwh u A f1 Iru wklv vshfldo fdvh/ zh wdnh [+w, @ +u  f,w> w  31 Li
zh ghqrwh wkh OVW ri D e| +v, @ Hih3rj/ zh jhw
Hi[+D,j @ +u  f,HiDj> +714,
+x> +f  f2,y, @ ++u f,x. +f  f2,y,> +715,
W+x> +f  f2,y, @ 4 ++u f,x. +f  f2,y,
HiDj++u  f,x. +f  f2,y, = +716,
Wkh odwwhu htxdwlrq iroorzv lpphgldwho| iurp wkh reylrxv lghqwlw| +[+DW,>DW,  ++u 
f,D
W>DW,1 Dq h{solflw h{suhvvlrq iru wkh OVW ri Y dqg Y2 iroorzv e| frpelqlqj Htxdwlrqv
+715, dqg +716, zlwk Wkhruhp 6161 Ilqdoo|/ +, iroorzv iurp
+v, @ ++u  f,+v. +4 +v,,, . v,=
Vhyhudo rwkhu vwxglhv frqwdlq uhvxowv iru wklv fdqrflfdo prgho zklfk duh vwurqjo| uhodwhg wr
wkh sureohp dguhvvhg khuh= Wkh pdujlqdo glvwulexwlrqv ri Y dqg Y2/ dqg wkh fruuhodwlrq
ehwzhhq Y dqg Y2 kdyh ehhq frpsxwhg lq ^5‘1 Wkh mrlqw glvwulexwlrq ri +Y> Y2, lq fdvh D
kdv d skdvh0w|sh glvwulexwlrq kdv ehhq irxqg lq ^4<‘1 Zkhq D lv h{srqhqwldoo| glvwulexwhg
lw lv srvvleoh wr lqyhuw $ wr qg dq h{suhvvlrq iru wkh glvwulexwlrq ri Y / vhh ^53/ 56‘1
715 Vhpl0Pdunry lqsxw
Lq wklv vxevhfwlrq zh dvvxph wkdw wkh frqwhqw ri wkh uvw exhu lv uhjxodwhg e| d vhpl0
Pdunry surfhvv1 Wklv lv prwlydwhg e| wkh uhfhqw vwxg| ^;‘/ lq zklfk d vlqjoh  xlg exhu lv
43
dqdo|}hg wkdw lv ihg e| wkh vdph w|sh ri lqsxw1 Khqfh zh zloo iroorz ^;‘ dqg frqvlghu wkh
Pdunry uhqhzdo surfhvv i+\?> ?n, m q  3j zlwk vwdwh vsdfh i3> = = = >Nj  ^3>4,1 Zh ohw
Wf @ 3 dqg W? @
S?
&' &/ q  4/ dqg lqwurgxfh wkh fruuhvsrqglqj frxqwlqj surfhvv e|
Q+w, @ vxsiq = W?  wj1 Wkhq wkh vhpl0Pdunry surfhvv +VPS, i\ +w,> w  3j lv ghqhg e|
\ +w, @ \E|1 Wkh ehkdylru ri wklv surfhvv lv jlyhq e| wkh vwrfkdvwlf pdwul{ S frqvlvwlqj
ri wkh wudqvlwlrq suredelolwlhv s @ Si\ @ m m \f @ lj> 3  l> m  N +zh dvvxph wkdw
s @ 3,/ dqg wkh ixqfwlrqv I+w,/ ghqhg e|
I+w, @ Si  w m \f @ l> \ @ mj= +717,
Lw lv frqyhqlhqw wr dovr ghqh=




Hij @ Hi m \f @ l> \ @ mj>
Hij @ Hi m \f @ lj>
+x, @ Hih3j>
+x, @ Hih3j>





Dq lpsruwdqw dvvxpswlrq lv wkdw wkh vrmrxuq wlph lq vwdwh 3 +vd|, lv h{srqhqwldoo| glv0
wulexwhg dqg lqghshqghqw ri wkh qh{w mxps/ l1h1= If+w, @ If+w, @ 4 h3b|1
Wkh VPS uhjxodwhv wkh frqwhqw ri wkh uvw exhu lq rxu wdqghp txhxh lq wkh iroorzlqj
zd|1 Li \ +w, @ l> l  4> wkhq wkh exhu frqwhqw lqfuhdvhv dw udwh t @ uf/ zkhuh u  f1
Zkhq wkh VPS lv lq wkh vshfldo vwdwh 3/ wkh exhu frqwhqw ghfuhdvhv dw udwh f1 Khqfh/





tt Egx> w  3>
D @ lqiiw A 3 = \ +w, @ 3j=
Zh qrz frpsxwh wkh OVW*v ri +[+D,>D, dqg +[+DW,> DW,/ h{whqglqj wkh dssurdfk ri ^;‘
e| zklfk wkh pdujlqdo OVW*v ri [+D, dqg [+DW, zhuh irxqg1 Nhhslqj Htxdwlrq +51<, lq
plqg/ zh ghqh iru 4  l  N/








E| frqglwlrqlqj xsrq \ dqg  zh rewdlq/
W +x> y, @p
e





 +x> y,> 4  l  N= +719,
Wklv v|vwhp ri htxdwlrqv kdv d xqltxh vroxwlrq1 Wr rewdlq dq h{suhvvlrq iru W+x> y,/ qrwh


















Wkh frpsxwdwlrq ri  lv vlplodu exw hdvlhu +vhh dovr ^;‘, vr zh rqo| vwdwh wkh qdo uhvxow=





zlwk +x> y,> m @ 4> = = = >N> wkh xqltxh vroxwlrq ri
+x> y, @ sff+tx. y, .
g[
'
s+tx. y,+x> y,> 4  l  N= +7144,
Uhfxuvlyh h{suhvvlrqv iru wkh prphqwv ri D/ [+D,/ dqg [+DW, fdq eh irxqg lq ^;‘1
8 Ilqlwh Exhuv
Lq wklv vhfwlrq zh orrn dw wkh fdvh zkhuh wkh exhuv kdyh uhvshfwlyh vl}hv N dqg N21
Xvlqj reylrxv qrwdwlrq/ zh zloo ghqrwh wkh wudqvlhqw surfhvv wkdw ghvfulehv erwk exhu
frqwhqwv e| Ygcg2 1 Lw fdq eh vkrzq wkdw wklv surfhvv kdv d vwdwlrqdu| glvwulexwlrq dqg
zh ohw Y gcg2 @ +Y gcg2 > Y
gcg2
2 , eh glvwulexwhg dffruglqjo|1
Wkh pdlq uhvxow ri wklv vhfwlrq lv Wkhruhp 814 ehorz1 Lq wklv wkhruhp/ zh uhodwh wkh
vwhdg|0vwdwh glvwulexwlrq ri Ygcg2 wr wkdw ri Y1 Khqfh/ lw lv vwloo dvvxphg wkdw +517,
krogv/ hyhq wkrxjk wklv lv qr orqjhu uhtxluhg iru vwdelolw|1 Ixuwkhupruh/ zh qhhg wr pdnh
wkh iroorzlqj dgglwlrqdo dvvxpswlrq=
45
Dvvxpswlrq 814 N>N2 dqg [ duh vxfk wkdw wkh vhfrqg exhu oov ehiruh wkh uvw rqh
grhv/ l1h1 iru doo w/
SiY gcg22 +w, @ N2 m Y gcg2 +w, @ Nj @ 4=
Li [+w,  +u f,w +wkh vfhqdulr frqvlghuhg lq Vhfwlrq 714,/ dqg li wkh v|vwhp lv hpsw| dw
wlph w @ 3/ wklv dvvxpswlrq lv vdwlvhg l
N
u  f 
N2
f  f2 = +814,
D vlplodu fkdudfwhul}dwlrq krogv iru wkh prgho frqvlghuhg lq Vhfwlrq 7151
Wkh pdlq uhvxow ri wklv vhfwlrq qrz vwdwhv wkdw wkh glvwulexwlrqv ri Y dqg Y gcg2 duh
sursruwlrqdo=
Wkhruhp 814 Li Dvvxpswlrq 814 krogv/ wkhq iru 3  { ? N> 3  | ? N2/
SiY gcg2  {>Y gcg22  |j @
SiY  {>Y2  |j
SiZ  NjSiZ2  N2j > +815,
zlwk Z
_
@ +Y m M @ 3, dqg Z2 _@ +Y2 m Y @ 3,1
Erwk wklv wkhruhp dqg lwv surri ehorz duh dq h{whqvlrq ri wkh vlqjoh qrgh fdvh zklfk lv
wuhdwhg lq ^5:‘1
Surri
Wkh surri frqvlvwv ri wzr vwhsv=
 Iluvw zh frqvlghu wkh  xlg wdqghp txhxh zlwk exhu vl}hv N @ 4 dqg N2 ? 41
Ghqrwh wklv surfhvv e| Y"cg2 / dqg ohw Y"cg2 @ +Y"cg2 > Y"cg22 , eh glvwulexwhg
dffruglqj wr lwv vwdwlrqdu| glvwulexwlrq1 Zh vkrz wkdw/ iru | ? N2/
SiY"cg2  {>Y"cg22  |j @
SiY  {>Y2  |j
SiZ2  N2j = +816,
 Lq rxu vhfrqg vwhs/ zh vkrz wkdw/ li Dvvxpswlrq 814 krogv/ iru { ? N dqg | ? N2/
SiY gcg2  {>Y gcg22  |j @
SiY"cg2  {>Y"cg22  |j
SiZ  Nj = +817,
Wkh surri lv wkhq frpsohwhg e| frpelqlqj +816, dqg +817,1
Vwhs L
Iurp hdfk vdpsoh sdwk ri Y zh frqvwuxfw d vdpsoh sdwk ri Y"cg2 1 Wklv frqvwuxfwlrq lv
grqh dv iroorzv +vhh dovr Iljxuh 5,= Jlyhq d vdpsoh sdwk ri Y/ frqvlghu wkh h{fxuvlrqv ri
iY2+w,j deryh ohyho N21 Wkhvh h{fxuvlrqv frqvlvw ri wzr sduwv +d, dqg +e,/ fruuhvsrqglqj
wr +d, dqg +e, lq wkh Iljxuh=
46
+d, Wkh wlph lw wdnhv xqwlo wkh uvw exhu ehfrphv hpsw|/ l1h1/ wkh uhpdlqlqj exv| shulrg
ri wkh uvw exhu>
+e, Wkh uhpdlqlqj sduw ri wkh h{fxuvlrq1
Qrz frqvwuxfw d vdpsoh sdwk ri d surfhvv aY iurp d vdpsoh sdwk ri Y dv iroorzv=
 Wlph hsrfkv zkhuh Y2+w,  N2 uhpdlq xqfkdqjhg>
 Sduw +d, ri wkh h{fxuvlrqv dv ghvfulehg deryh lv prglhg dv iroorzv= aY2+w, @ N2 dqg
aY+w, @ Y+w,>
 Ghohwh wkh uhpdlqlqj sduwv ri wkh h{fxuvlrqv ri Y2+w,1
Wkh frqvwuxfwhg surfhvv aY kdv wkh vdph odz dv Y"cg2 = Hyhu| wlph aY2+w, ohdyhv vwdwhN2 wkh
hqylurqphqw surfhvv lv R +lq idfw/ wkh uvw exhu lv hpsw|,/ dqg wkh uhpdlqlqj R0wlph
lv h{srqhqwldoo| glvwulexwhg zlwk udwh  0 dv lw vkrxog eh1 Khqfhiruwk/ wdnh Ygcg2  aY1
Ghqrwh d uhjhqhudwlrq f|foh ri wklv surfhvv e| F"cg2 1 Dq lpphgldwh frqvhtxhqfh ri wkh













Frpelqlqj wklv zlwk uhjhqhudwlyh surfhvv wkhru| +olnh lq Htxdwlrq +518,,/ zh jhw/ iru doo {
dqg | ? N2/
SiY"cg2  {>Y"cg22  |j @
HiFj
HiF"cg2jSiY  {>Y2  |j= +819,
Lq sduwlfxodu/ iru {$4/ zh jhw
SiY"cg22  |j @
HiFj
HiF"cg2jSiY2  |j= +81:,




SiZ2  N2j >
zklfk suryhv +816,1
Vwhs LL
Wklv vwhs lv vlplodu wr Vwhs L/ dqg jlyhv d vdpsoh0sdwk frqvwuxfwlrq ri wkh surfhvv Ygcg2
iurp Y"cg21 Iru hdfk vdpsoh sdwk ri wkh odwwhu surfhvv/ frqvlghu wkh h{fxuvlrqv ri
iY"cg2 +w,j deryh ohyho N1 Qrwh wkdw Dvvxpswlrq 814 hqvxuhv wkdw wkh vhfrqg exhu
lv ixoo gxulqj wkhvh h{fxuvlrqv +rxu phwkrg zrxog euhdn grzq li wklv zrxog qrw eh wkh
fdvh,1 Dv ehiruh/ glylgh wkh h{fxuvlrqv lqwr wzr sduwv> wkh uvw sduw hqgv zkhq dq R0






































































Iljxuh 5= Frqvwuxfwlrq ri wkh surfhvv Y"cg2 iurp Y 1
48
Y"cg22 +w, uhpdlqv xqfkdqjhg,/ dqg ghohwh wkh vhfrqg sduw ri wkh h{fxuvlrq1
Gxh wr h{dfwo| wkh vdph dujxphqw dv lq Vwhs L/ wkh frqvwuxfwhg surfhvv fdq eh lghqwlhg



















Xvlqj uhjhqhudwlyh surfhvv wkhru|/ wklv lpsolhv




  {>Y"cg22  |j= +81<,
Zkdw uhpdlqv lv wr lghqwli| wkh suh0idfwru rq wkh uljkw0kdqg vlgh ri +81<,1 Iurp Wkhruhp
815 ri ^5:‘ lw iroorzv/ iru { ? N2/
SiY gcg2  {j @
SiY  {j
SiZ  Nj @
SiY"cg2  {j
SiZ Nj = +8143,
Dovr/ qrwh wkdw
SiY gcg2 @ 3> Y gcg22 @ N2j @ SiY"cg2 @ 3> Y"cg22 @ N2j @ 3= +8144,
Frpelqlqj Htxdwlrqv +8143, dqg +8144, zh rewdlq





SiY"cg2 @ 3>Y"cg22 ? N2j
SiZ  Nj =
Lqyrnlqj +81<, iru { @ 3 dqg | @ N2 |lhogv wkdw wkh xqnqrzq suh0idfwru lq +81<, htxdov
SiZ  Nj31 Wklv frpsohwhv Vwhs LL/ dqg wkh surri ri wkh wkhruhp1 
Lw fdq eh vkrzq wkdw dqdorjxhv ri Wkhruhp 814 dovr krog iru wkh qhwzrunv frqvlghuhg
lq ^4:‘^4<‘/ diwhu reylrxv prglfdwlrqv ri Dvvxpswlrq 8141 Wkhvh uhvxow pd| eh ghulyhg
lq d vlplodu zd| dv Wkhruhp 8141
Dfnqrzohjgphqwv
Wklv uhvhdufk zdv sduwo| fduulhg rxw zkhq wkh uvw dxwkru kdg d srvwgrf srvlwlrq dw Hlqg0
kryhq Xqlyhuvlw| ri Whfkqrorj|/ vxssruwhg e| wkh Qhwkhuodqgv Rujdql}dwlrq iru Vflhqwlf
Uhvhdufk +QZR,1 Wkh uhvhdufk ri wkh vhfrqg dxwkru lv vxssruwhg e| dq QZR judqw1 Erwk
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^43‘ Fkrxgkxu|/ J1/ Oxfdqwrql/ G1/ Zklww/ Z1 +4<<7,1 Pxowlglphqvlrqdo wudqvirup lqyhu0
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